Abstract. The zeta function attached to a finite complex X Γ arising from the Bruhat-Tits building for PGL 3 (F ) was studied in [KL], where a closed form expression was obtained by a combinatorial argument. This identity can be rephrased using operators on vertices, edges, and directed chambers of X Γ . In this paper we re-establish the zeta identity from a different aspect by analyzing the eigenvalues of these operators using representation theory. As a byproduct, we obtain equivalent criteria for a Ramanujan complex in terms of the eigenvalues of the operators on vertices, edges, and directed chambers, respectively.
Introduction
Let F be a nonarchimedean local field with q elements in its residue field, and let π be a uniformizer of F . A finite quotient X Γ of the Bruhat-Tits building of G = PGL 3 (F ) by a cocompact, discrete, and torsion-free subgroup Γ of G with ord π (det Γ) ⊆ 3Z is a 2-dimensional complex. Each vertex of the complex has two kinds of neighboring vertices, of type one and type two. The edges from a vertex to its type i (i = 1, 2) neighbors are called type i edges.
The zeta function for the complex X Γ was introduced and studied in [KL] . Similar to a graph zeta function, the complex zeta function counts tailless closed geodesics in X Γ up to homotopy.
More precisely, it is defined as
where the product runs through the equivalence classes of primitive tailless closed geodesics C in X Γ consisting of solely type one edges or solely type two edges (up to based homotopy), and l(C) denotes the length of C. Under the additional assumption that Γ is regular, the following closed
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form expression of Z(X Γ , u) is obtained in [KL] :
det(I − A 1 u + qA 2 u 2 − q 3 u 3 I) det(I + L B u) , (1.1) in which χ(X Γ ) is the Euler characteristic of X Γ , A i (i = 1, 2) is the type i vertex adjacency matrix, and L B is the directed chamber adjacency matrix (cf. [KL] ).
As shown in [KL] , the zeta function can easily be expressed in terms of the edge adjacency matrices, namely
, in which L E is the type one edge adjacency matrix, and (L E ) t , the transpose of L E , is the type two edge adjacency matrix. The proof of the closed form expression (1.1) then boils down to establishing the following zeta function identity:
Each determinant in the identity (1.2) has a combinatorial interpretation. The proof given in [KL] follows the combinatorial meaning of each term; the identity is obtained by partitioning the closed geodesics into sets indexed by the conjugacy classes of Γ, and for each conjugacy class, counting and relating the numbers of closed geodesics of given length, with and without tails.
Since the vertices, type one edges, and directed chambers of the building attached to G are parametrized by cosets of G modulo the standard maximal compact subgroup K, a parahoric subgroup E, and an Iwahori subgroup B, respectively, A 1 and A 2 can be interpreted as Hecke operators supported on certain K-double cosets, L E as a parahoric operator on an E-double coset, and L B as an Iwahori-Hecke operator on a B-double coset. Their precise definitions, originally given in §2, §8 and §7 of [KL] , are recalled in §2.1; their actions are described in detail in §2.3.
, and L B as an operator on L 2 (Γ\G/B), in this paper we re-establish the zeta identity by computing the spectrum of each operator using representation theory. Our proof not only provides a totally different, new aspect of the identity (1.2), but also removes the regularity assumption on Γ.
This paper is organized as follows. The eigenvalues of L B , L E , A 1 , and A 2 are computed in §2 using representation theory. As shown in §3, the zeta identity (1.2) follows from comparing these eigenvalues. Recall from [Li] that a finite quotient X of the building of G is called Ramanujan if the nontrivial eigenvalues of A 1 and A 2 on X fall in the spectrum of those on the building. This definition, which involves only operators on the vertices of the complex, is a natural extension of Ramanujan graphs. As a byproduct of the spectral information of the operators, we show that a Ramanujan complex can be equivalently characterized in terms of the eigenvalues of the operator L B on directed chambers or those of the operator L E on edges (cf. Theorem 2).
2. Eigenvalues of L B , L E , A 1 , and A 2 2.1. The relevant operators. We recall the definition of the operators L B , L E , A 1 , A 2 from [KL] .
Following the notation of [KL] , denote by K the maximal compact subgroup of G, consisting of elements in G with entries in the ring of integers
Kσ and the parahoric subgroup
Note that B is the set of elements in K congruent to the upper triangular matrices modulo π, while E consists of elements in K whose third row is congruent to (0, 0, * )
and Kdiag(1, π, π)K = ⊔g ′ j K respectively, and they are defined by To understand the actions of L B , L E , and A 1 ,A 2 , it then suffices to study the actions of these operators on each direct summand of the corresponding spaces. Recall from Casselman's paper [Ca] that an irreducible representation of G contains an Iwahori fixed vector if and only if it is an irreducible subquotient of an unramified principal series representation; by the work of Tadić [Ta] , such a subquotient is unitary if it is equivalent to one of the following:
(a) The principal series representation Ind(χ 1 , χ 2 , χ 3 ), where χ 1 , χ 2 , χ 3 are unramified unitary characters of F × with χ 1 χ 2 χ 3 = id; or the principal series representation Ind(χ
where χ is an unramified character of F × , 0 < a < 1/2, and | | is the absolute value of F . The inductions are taken to be normalized and all the irreducible subrepresentations above are uniquely determined. We shall compute the eigenvalues of L B , L E , A 1 and A 2 for each type of representations listed above. Since the above representations can all be realized in induced spaces, the computation will be carried out using the standard model. Note that G acts by right translation on the induced space, so the Iwahori-Hecke operator L B is defined by the same formula as in §2.1 in the standard model and so are the operators L E , A 1 and A 2 .
2.3. Explicit actions of the operators. We start with a principal series representation V = Ind(χ 1 , χ 2 , χ 3 ) of G induced from three unramified characters χ 1 , χ 2 , χ 3 of F × with χ 1 χ 2 χ 3 = id. Write P for the standard Borel subgroup of G and W for the Weyl group.
the space of Iwahori fixed vectors of V , which has dimension six as one can observe from the decomposition G = α∈W P αB. Let f α (x) be the function in V supported on the coset P αB with
A straightforward computation using the coset decomposition
gives the following action of L B :
(2.1)
This shows that L B on V B has eigenvalues ± qχ 1 (π) , ± qχ 2 (π) and ± qχ 3 (π).
The operator L E acts on the space of E-fixed vectors V E . As α 1 ∈ E, V E is 3-dimensional, generated by g 1 := f 1 + f 2 , g 2 := f 3 + f 6 , and g 3 := f 4 + f 5 . Applying the coset decomposition
Hence L E on V E has eigenvalues qχ 1 (π), qχ 2 (π) and qχ 3 (π).
The Hecke operators A 1 and A 2 act on the 1-dimensional space of K-fixed vectors V K , which is
Similarly the action of A 2 is obtained from the coset decomposition of Kdiag(1, π, π)K, as scalar multiplication by
We remark that the operator A 2 is the transpose of A 1 (cf. [Li] ), so (2.4) should be the complex conjugation of (2.3). This is indeed the case by checking the representations of types (a)-(e).
2.4. Computation of eigenvalues. Let (ρ, V ρ ) be an irreducible representation in L 2 (Γ\G) with a nontrivial Iwahori-fixed vector, so ρ is isomorphic to one of the representations described in §2.2, and we identify V ρ with its image in the induced space under this isomorphism. We are now ready to determine, type by type, the eigenvalues of
ρ , and A 1 and A 2 on V K ρ , whenever the underlying space is nontrivial. We will also record the factors in det(I − A 1 u + qA 2 u 2 − q 3 u 3 I),
First recall a result of Borel [Bo] and Casselman [Ca] on the dimension of V Case (a). ρ is a principal series representation with (ρ, V ρ ) = Ind(χ 1 , χ 2 , χ 3 ), where χ 1 , χ 2 , χ 3 are unramified characters of F × and χ 1 χ 2 χ 3 = id. It follows immediately from §2.3 that the IwahoriHecke operator L B acting on V B ρ has eigenvalues ± qχ 1 (π) , ± qχ 2 (π) and ± qχ 3 (π), which yield the factor (1
on V E ρ has eigenvalues qχ 1 (π), qχ 2 (π), and qχ 3 (π) which give rise to the factor (1
) and q(χ 1 χ 2 (π) + χ 2 χ 3 (π) + χ 3 χ 1 (π)) respectively, and they yield the factor (1 −
Case (b). ρ is the 1-dimensional subrepresentation occurring in V = Ind(χ| | −1 , χ, χ| |) for an unramified character χ with χ 3 = id. Then ρ(g) = χ(det g) for all g ∈ G by (cf. [Ze] ). Since χ is unramified, V ρ is generated by the
and we have L B (h) = qχ 2 (π)h by appealing to (2.1) with χ 1 = χ| | −1 , χ 2 = χ and χ 3 = χ| |. This gives rise to the factor 1 + qχ 2 (π)u of det(I + L B u) arising from ρ. Similarly, using the action of L E given in (2.2), we find that L E (h) = q 2 χ(π)h, which gives rise to the factor 1 − q 2 χ(π)u of det(I − L E u). Applying (2.3) and (2.4) with χ 1 = χ| | −1 , χ 2 = χ and χ 3 = χ| |, we see that the actions of A 1 and A 2 on V ρ are given by multiplication by χ(π) + qχ(π) + q 2 χ(π) and
(π), respectively, and hence they yield the factor (1
Case (c). ρ is the Steinberg representation, that is, the subrepresentation in the induced space V = Ind(χ| |, χ, χ| | −1 ) for an unramified character χ with χ 3 = id. It follows from Proposition 2.10 of [Ze] that the Jacquet module of ρ is a one-dimensional unramified character on the diagonal
ρ is generated by a single function φ.
To determine φ, consider the intertwining maps T α 1 : Ind(χ| |, χ, χ|
and T α 2 : Ind(χ| |, χ, χ| | −1 ) → Ind(χ| |, χ| | −1 , χ) defined as in §3 of [Ca] . Applying Theorem 3.4
in [Ca] , we see that
Here {f 1 , f 2 , · · · , f 6 } (resp. {f
is a basis of the space of the Iwahori-fixed vectors in Ind(χ| |, χ, χ| | −1 ) (resp. Ind(χ, χ| |, χ| | −1 ) and Ind(χ| |, χ| | −1 , χ)) as defined in §2.3. Since the Steinberg representation ρ is irreducible, and it does not appear as a subrepresentation in Ind(χ, χ| |, χ| | −1 ), T α 1 must be trivial on V ρ (cf. [Ze] ). The same reason shows that T α 2 is also trivial on V ρ . In particular, we have T α 1 (φ) = T α 2 (φ) = 0, and this condition characterizes φ. Indeed, writing φ as a linear combination of f 1 , ..., f 6 and solving T α 1 (φ) = 0 and T α 2 (φ) = 0 simultaneously, we find that φ is a (nonzero) constant multiple of the function
The action of L B as described by (2.1) with χ 1 = χ| |, χ 2 = χ, χ 3 = χ| | −1 gives L B (φ) = −χ 2 (π)φ, which in turn yields the factor 1 − χ 2 (π)u of det(I + L B u)
arising from the Steinberg representation ρ.
for an unramified unitary character χ. Then the dimension of the Jacquet module V ρ,N is three (cf. [Ze] ), and so is the
when restricted on V B is given by
where {f 1 , f 2 , · · · , f 6 } is a basis for the space of B-fixed vectors in Ind(χ| | −1/2 , χ| | 1/2 , χ −2 ) and and Ind(χ| | −1/2 , χ −2 , χ| | 1/2 ), so it adds no condition in determining V B ρ .) Now it is easy to see that V B ρ is a 3-dimensional space generated by f 1 + f 2 , f 3 + f 5 , and f 4 + f 6 ; V E ρ is a 2-dimensional space generated by g 1 = f 1 +f 2 and g 2 +g 3 = 3≤i≤6 f i ; and V K ρ is a 1-dimensional space generated by h = 1≤i≤6 f i .
Then a routine calculation using (2.1),(2.2), (2.3), and (2.4) shows that the operator L B on
; the Hecke operators A 1 and A 2 on V K ρ have eigenvalues q 3/2 χ(π) + q 1/2 χ(π) + qχ −2 (π) and q 3/2 χ −1 (π) + q 1/2 χ −1 (π) + qχ 2 (π) respectively. Thus the representation ρ gives rise to the factor (1+q
Case (e). (ρ, V ρ ) is a subrepresentation of V = Ind(χ| | 1/2 , χ| | −1/2 , χ −2 ) with an unramified unitary character χ. Arguing as before, we see that V B ρ is a 3-dimensional space generated by f 2 − qf 1 ,
THE ZETA FUNCTIONS OF COMPLEXES FROM PGL(3): A REPRESENTATION-THEORETIC APPROACH 9
f 5 − qf 3 , f 4 − qf 6 ; V E ρ is a 1-dimensional space generated by f 4 + f 5 − qf 3 − qf 6 ; while there are no nontrivial K-fixed vectors in V ρ .
The eigenvalues of L
; and the eigenvalue of
In this case, ρ gives rise to the factor
det(I + L B u) and the factor 1 − q 1/2 χ(π)u in det(I − L E u).
Main results
The table below summarizes the computations in §2 of the zeros of det(
and det(I − A 1 u + qA 2 u 2 − q 3 u 3 ) arising from each type of the representations in L 2 (Γ\G). A representation will have no contribution if it does not contain a nontrivial B-fixed vector. (Table 1) Recall that the characters χ 1 , χ 2 , χ 3 in case (a) are all unramified with the product equal to identity; the character χ is cases (b) and (c) is unramified with order dividing 3; and the character χ in cases (d) and (e) is unramified and unitary.
Denote by N 0 , N 1 , and N 2 the number of vertices, edges and chambers in X Γ , respectively, so Table 2) As there are only three Steinberg representations, which differ by cubic unramified twists, each occurs with multiplicity χ(X Γ ) − 1. We have shown (2) The number of representations of type (e) occurring in L 2 (Γ\G) is at least
where N 0 and N 1 denote the number of vertices and edges in X Γ .
The first statement is in agreement with Garland's result in [Ga] , which is for a general p-adic group. The corresponding assertion for graphs is discussed in Hashimoto's paper [Ha] .
The zeros arising from 1-dimensional representations (case (b)) are called trivial zeros of the respective determinant, as they correspond to the trivial eigenvalues of the operators L B , L E , A 1 and A 2 . The remaining zeros are nontrivial.
Recall also that X Γ is a Ramanujan complex if and only if the nontrivial zeros of det(I − A 1 u + qA 2 u 2 − q 3 u 3 I) have absolute value q −1 (cf. [Li] , [LSV] ). It is natural to ask whether this property is also reflected on other operators. The theorem below answers this question.
Theorem 2. The following statements are equivalent.
(1) X Γ is Ramanujan.
(2) The nontrivial zeros of det(I − A 1 u + qA 2 u 2 − q 3 u 3 ) have absolute value q −1 . Remark. If the group Γ arises from an inner form H of GL 3 as described in §4 of [KL] , then, by strong approximation theorem, the functions on vertices of X Γ can be viewed as automorphic forms on H. The underlying automorphic representations then correspond to cuspidal automorphic representations of P GL 3 under the Jacquet-Langlands correspondence established in [JPSS] . As such, its local components are generic. In view of Theorem 9.7 of [Ze] , representations of type (d) cannot occur.
In particular, when the local field F has positive characteristic, it was shown in [LSV] that X Γ is always Ramanujan for Γ arising from an inner form.
We are now ready to prove the main result of this paper.
Theorem 3. There holds the identity
Proof. Denote by R(u) the right hand side of the identity. As a consequence of Table 1 , we have the following list describing the contribution to R(u) arising from each type of the representation:
• Type (a): 1;
• Type (b):
(1−χ(π)u)(1−qχ(π)u) 1−qχ 2 (π)u ;
• Type (c): 1 − χ 2 (π)u;
• Type (d):
1−q 1/2 χ(π)u 1−q 1/2 χ −1 (π)u ;
• Type (e): As defined in §4.1 of [KL] , an element γ in Γ is rank-one split if its eigenvalues generate a quadratic extension of the base field F . Table 1 shows that the eigenvalues of L B and L E are never zero, hence the operators L B and L E have full rank. Since the rank of L B is greater than twice the rank of L E , the left hand side of Theorem 26 in §8.3 of [KL] is nonzero, from which we conclude Corollary 4. The group Γ contains rank-one split elements.
This is different from the case of graphs. More precisely, the non-identity elements in a regular torsion-free discrete cocompact subgroup of P GL 2 (F ) are hyperbolic (called split in §4.1 of [KL] ), while a regular torsion-free discrete cocompact subgroup of P GL 3 (F ) contains, in addition to split elements, also rank-one split elements.
